Abstract. Hitchin has shown that the moduli space M of the dimensionally reduced self-dual Yang-Mills equations has a hyperKähler structure. In this paper we first explicitly show the hyperKähler structure, the details of which is missing in Hitchin's paper. In a previous paper we had shown that M admits a pre-quantum line bundle corresponding to one of the symplectic forms, but it was done a bit unnaturally. As a sequel to that paper, we redo that case more naturally and we show here that M admits two other pre-quantum line bundles as well, corresponding to the other two symplectic forms. We use Quillen's determinant line bundle construction and show that the Quillen curvatures of these prequantum line bundles are proportional to each of the symplectic forms mentioned above. The prequantum line bundles are holomorphic with respect to their respective complex structures.
Introduction
Given a symplectic manifold (M, Ω) geometric prequantization is a construction of a prequantum line bundle L on M, whose curvature is proportional to the symplectic form. If M admits such a prequantum line bundle L, then one can associate a Hilbert space, namely, the square integrable sections of L and a correspondence between functions on M to operators acting on the Hilbert space such that the Poisson bracket of two functions corresponds to the commutator of the corresponding operators. The latter is ensured by the fact that the curvature of the prequantum line bundle is precisely the symplectic form Ω [20] . Let f ∈ C ∞ (M). Let X f be the vector field defined by Ω(X f , ·) = −df . Let θ be the symplectic potential correponding to Ω. Then we can define the operator corresponding to the function f to bef = −i [X f − i θ(X f )] + f . Then if f 1 , f 2 ∈ C ∞ (M) and
A relevant example of geometric quantization in our context would be geometric quantization of the moduli space of flat connections on a principal G-bundle P on a compact Riemann surface Σ, [18] , [2] . We describe this in some detail. Let A be the space of Lie-algebra valued connections on the principal bundle P . Let N be the moduli space of flat connections (i.e. the space of flat connections modulo the gauge group). The prequantum line bundle is the the determinant line bundle of the Cauchy-Riemann operator, namely, L = ∧ top (Ker∂ A ) * ⊗ ∧ top (Coker∂ A ). It carries the Quillen metric such that the canonical unitary connection has a curvature form which coincides with the natural Kähler form on the moduli space of flat connections on vector bundles over the Riemann surface of a given rank [15] . To elaborate, on the affine space of all connections, there is a natural symplectic form, namely, Tr Σ α ∧ β, where α, β ∈ T A A = Ω 1 (M, adP ). It can be shown, using a moment map construction, that this symplectic form descends to the moduli space of flat connections. One can show that the determinant line bundle equipped with the Quillen metric has curvature proportional to this symplectic form [15] .
Inspired by this construction, we constructed a prequantum line bundle on the moduli space of solutions to the vortex equations [6] . In this paper we do geometric quantize the hyperKähler structure in the Hitchin system. We elaborate on this.
The self-duality equations on a Riemann surface arise from dimensional reduction of self-dual Yang-Mills equations from 4 to 2 dimensions [10] . They have been studied extensively in [10] . They are as follows. Let M be a compact Riemann surface of genus g > 1 and let P be a principal unitary U (n)-bundle over M . Let A be a unitary connection on P , i.e. A = A (1,0) + A (0,1) such that A (1,0) = −A (0,1) * , where * denotes conjugate transpose [8] , [13] . Thus we can identify the space of all unitary connections with its (0, 1)-part, i.e. A (0,1) . Let Φ be a complex Higgs field, Φ ∈ H = Ω 1,0 (M ; adP ⊗ C). Note: To avoid confusion, we mention that in the next section, we will define Φ (0,1) as well and then we will denote this Φ as Φ (1, 0) . The pair (A, Φ) will be said to satisfy the self-duality equations if
where φ * is taking conjugate transpose of the matrix of φ. There is a gauge group acting on the space of (A, Φ) which leave the equations invariant. If g is an U (n) gauge transformation then (A 1 , Φ 1 ) and (A 2 , Φ 2 ) are gauge equivalent if d A2 g = gd A1 and Φ 2 g = gΦ 1 [10] , page 69. Taking the quotient by the gauge group of the solution space to (1) and (2) gives the moduli space of solutions to these equations and is denoted by M. Hitchin shows that there is a natural metric on the moduli space M and further proves that the metric is hyperKähler [10] . This paper is a sequel of the paper [6] where we constructed the prequantum line bundle on M whose curvature is one of the symplectic forms of [10] . In [6] we had explicitly given this symplectic form and the metric (details of which are missing in [10] ). But the prequantum line bundle we constructed in [6] is a bit unnatural since we used ∂ +A 
which is more natural to use. Next, in this paper, we construct the prequantum line bundles on M corresponding to the other two symplectic forms which give rise to the hyperKähler structure. We show the metric, the three symplectic forms, the three complex structures and the three prequantum lines bundles explicitly. In the last section we discuss the holomorphicity of the prequantum line bundles w.r.t. the three complex structures.
Papers which may be of interest in this context are [3] , [4] , [11] , [17] [19] . These papers use algebraic geometry and algebraic topology and may provide alternative methods to quantizing the hyperKähler system. Our method, in contrast, is very elementary and we explictly construct the prequantum line bundles. The only machinery we use is Quillen's construction of the determinant line bundle, [15] . Note: After writing the paper the author found Kapustin and Witten's paper [12] where they have applied Beilinson and Drinfeld's quantization of the Hitchin system to study the geometric Langlands programme. We should mention that though the metric on the moduli space is exactly the same their complex structure J is our −K and their K is our J .
Symplectic and hyperKähler structures
Let the configuration space be defined as C = {(A, Φ)|A ∈ A, Φ ∈ H} where A is the space of unitary connections on P , identified with its A (0,1) part and
is the space of Higgs field. We can extend the Higgs field Φ
(1,0) by its (0, 1) part by defining Φ (0,1) = −Φ (1,0) * , where * is conjugate transpose. But only the (1, 0) parts belong to H and appear in eqn (1) and (2).
Unitary connections satisfy
. Thus we can identify the space of unitary connections with its (0, 1) part and the tangent space is also (0, 1) part of the connection.
Let
. As in [6] , let us define a metric on the complex configuration space
Here the superscript tr stands for tranpose in the Lie algebra of U (n), * 1 denotes the Hodge star taking dx forms to dy forms and dy forms to −dx forms (i.e. * 1 (ηdz) = −iηdz and * 1 (ηdz) = iηdz) and * 2 denotes the operation (another Hodge star), such that * 2 (ηdz) =ηdz and * 2 (ηdz) = −ηdz. To get the metric in its final form, we have used the fact that
To give the complex structures of the hyperKähler structure explicitly, (which is missing in [10] ), let us define three almost complex structures acting on the tangent space to the configuration space, i.e. acting on
where * 2 (α) = * 2 α tr is such that * 2 (iα) = −i * 2 α. Note: A more detailed description of the three complex structures is given in the last section where we discuss holomorphicity of the prequantum line bundles.
These three complex structures satisfy the quarternionic algebra of matrices acting on
We define three symplectic forms as follows:
where we have used the fact that
which follows from the fact that
Following the ideas in [10] , we had shown in [6] by a moment map construction that this form descends to a symplectic form on the moduli space M. (The explicit construction of this form is missing in [10] ). The first equation, i.e. eqn (1) gives the moment map for this symplectic form. Now using (3) and (4) we get 1) ). Next, following [10] , page 90, we define a symplectic form
In [10], Hitchin shows that this form Q descends as a symplectic form to the moduli space of solution of the self-duality equations. He proves this using a moment map construction, i.e. the second equation, eqn (2), gives the moment map for this symplectic form. (Note that the factor of two doesnot alter the moment map construction). Using his method, it can be shown that the metric g descends to the moduli space M and is hyperKähler and the three symplectic forms are exactly Ω, Q 1 , Q 2 .
Prequantum line bundles
First let us note that a connection A on a principal bundle induces a connection on any associated vector bundle E. We will denote this connection also by A since the same " Lie-algebra valued 1-form" A (modulo representations) gives a covariant derivative operator enabling you to take derivatives of sections of E [14] , page 348. A very clear description of the determinant line bundle can be found in [5] and [15] . Here we mention the formula for the Quillen curvature of the determinant line bundle
, given the canonical unitary connection ∇ Q , induced by the Quillen metric [15] . Recall that the affine space A (notation as in [15] ) is an infinite-dimensional Kähler manifold. Here each connection is identified with its (0, 1) part. Since the total connection is unitary (i.e. of the form A = A 
where α (0,1) , β (0,1) ∈ Ω 0,1 (M, adP ⊗ C), and β (1,0) = −β (0,1) * . It is skew symmetric if you interchange α (0,1) = Adz and β (0,1) = Bdz (follows from the fact that Im(Tr(AB * )) = −Im(Tr(BA * )) for matrices A and B, using once again dz ∧ dz is imaginary). Let α = α (0,1) + α (1, 0) , β = β (0,1) + β (1, 0) . It is clear from the fact that α (1,0) = −α (0,1) * and β (1,0) = −β (0,1) * we have
Let ∇ Q be the connection induced from the Quillen metric and F (∇ Q ) be the Quillen curvature. Then one has,
Quantization of the moduli space M. In this section, we will show that for each of the symplectic forms Ω, Q 1 and Q 2 there are prequantum line bundles P, E, N whose respective curvatures are these symplectic forms.
First we note that to the connection A we can add any one form and still obtain a derivative operator.
On the principal bundle P on the Riemann surface, we can define new connections, 1) ) where A 0 is a connection whose gauge equivalence class is fixed, i.e. A 0 is allowed to change only in the gauge direction.
Let P = L −2 ⊗ R 2 denote a line bundle over C = A × H. (This combination will give the prequantum line bundle corresponding to Ω). Let us define E ± = det(∂ + A (0,1) ± Φ (0,1) ) on the affine space
(We take this combination because it will give the prequantum line corresponding to Q 1 .) Similarly let us define
(Once, again this will be the prequantum line bundle corresponding to Q 2 ). under gauge transformation since it is the (1, 0) part of the connection operator d + A + Φ which transforms in the same way. Thus ∆ g = g∆g −1 . Thus the isomorphism of eigenspaces of ∆ and ∆ g is s → gs. Thus when one identifies detD=
is the direct sum of eigenspaces of the operator ∆ of eigenvalues < a, over the open subset U a = {A (0,1) +Φ (0,1) |a / ∈ Spec∆} of the affine space B + (see [5] , [15] for more details), there is an isomorphism of the fibers as D → D g . Thus one can identify
.
By extending this definition from
, an open subset of C, we can define the fiber over the quotient space V a /G to be the equivalence class of this fiber. Covering C by open sets of the type V a enables us to define it on C/G. Then we restrict it to the moduli space M ⊂ C/G.
Similarly one can deal with the other terms in E, P and N .
(Note that the C-R operator in R namely (∂ + A (0,1) 0
under gauge transformation which is more natural than our choice in [6] where the C-R operator in R gauge transformed withḡ instead).
Curvatures and symplectic forms
Recall α ∈ Ω 1 (M, adP ) has the decomposition α = α (1,0) + α (0,1) , where α (1,0) = −α (0,1) * . Similar decomposition holds for β, γ, δ ∈ Ω 1 (M, adP ). Let p = (A, Φ) ∈ S where S is the space of solutions to Hitchin equations (1) and (2) . Let X, Y ∈ T [p] M. We write X = (α, γ) and Y = (β, δ), where
M can be identified with a subspace in T p S orthogonal to T p O p (the tangent space to the gauge orbit) then X, Y can be said to satisfy (a) X, Y ∈ T p S i.e. they satisfy linearization of (1) and (2) and (b) X, Y are orthogonal to T p O p , the tangent space to the gauge orbit.
Let F L −2 , F R 2 , denote the Quillen curvatures of the determinant line bundles
(Since there is no Φ-term in L, γ and δ donot contribute).
The Quillen curvature of the line bundle
Thus we have proved the following theorem. 
Polarization:
Since the symplectic forms are all Kähler, we can take square integrable Iholomorphic sections of P −1 , J -holomorphic sections of E −1 and K-holomorphic sections of N −1 as our Hilbert spaces. Further work: It would be worth seeing if these prequantum line bundles appear naturally from some topological field theory.
